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Abstract

The problem of robust stabilization to dynamical systems via delayed feedback is important in
applications. Due to the fact that the characteristic quasi-polynomial of a delayed system is difficult to
analyze when uncertain parameters are involved, this problem has been most frequently solved on the basis
of the method of Lyapunov functional, by solving Riccati equations, or by solving linear matrix
inequalities. By applying the averaging method that reduces the delay differential equation of infinite
dimensional to an ordinary differential equation, this paper presents a simple method to stabilize the trivial
solution or periodic solutions of a type of non-linear delayed vibration systems via delayed state feedback.
In particular, this method is applied to the robust stabilization of those systems when the system parameters
are uncertain, but fall into given intervals, respectively. In addition, an extension is made to this problem
for a general class of delayed systems that result from a small perturbation of a linear delay system with
characteristic roots of non-positive real parts only. This can serve as a straightforward application to the
Hopf bifurcation control of delayed systems with weak non-linearity.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The active control technique has drawn much attention over the past decades. One of important
control objectives is to stabilize engineering systems if their equilibrium positions or steady-state
motions of the control plants are not asymptotically stable. To reach good performance of
stabilization, two factors should be taken into consideration in the design phase of a control. One
comes from the inevitable time delays in the feedback path or deliberately introduced time delays
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in control, and the other from the uncertainty of both time delay and system parameters due to
measurement, modelling errors, etc. The feedback gains, thus, should be chosen so as to render
the controlled system asymptotically stable for all parameter combinations in a given admissible
set. This problem falls into the category of robust stabilization and has been intensively studied
over the past decades, see for example Refs. [1-3] and references therein.

When a delayed feedback control is performed, the controlled system is described by a delay
differential equation (DDE), a special class of functional differential equations (FDE) and has
been intensively studied, see for examples, Refs. [2,4-6]. Generally speaking, the stability
analysis or the stabilization problem of a DDE can be solved by investigating the root location of
the characteristic function or by using the method of Lyapunov functional. It is usually
very difficult to achieve a simple relationship for the stability/stabilization condition in
terms of the system parameters by using the method of characteristic roots, so in the literature,
the problem of robust stabilization to time delayed systems, or the stabilization problem via
delayed feedback control, is most frequently solved on the basis of the method of Lyapunov
functional, by solving Riccati equations [7,8], or by solving linear matrix inequalities [2,9,10].
Such techniques depend heavily on the estimation technique and thus usually give conservative
results.

In many applications, the system can be considered as a small perturbation of a simple
system, so it is possible to apply singular perturbation methods to solve this stabilization
problem. Among the singular perturbation methods for DDEs, the method of multiple
scales is frequently used to determine the periodic solution coming either from Hopf bifurcation
or from a periodic excitation, see for example, Refs. [5,11,12]. Another widely used method is the
averaging method. For example, it has been successfully implemented to study the complex
dynamics of two coupled van der Pol oscillators with delay [13]. In addition, the averaging
technique has also been applied in Ref. [14] to stabilize planar biological systems via delayed
feedback of displacement, and it has been proved that a linear delayed feedback can always
stabilize the trivial solution. In the literature regarding the averaging method, however, the
uncontrolled systems are usually ordinary differential equations (ODE) that result from a small
perturbation of an undamped vibration system such as in Refs. [13,14]. This limits its applications
in practice.

The objective of this study is to develop a simple method, on the basis of the averaging method,
for the robust stabilization to the unstable equilibrium of a class of delayed vibration systems via
delayed feedback control. The system equation under study is described by a much broader class
of DDEs than that discussed in the previous literature. The averaging method is actually not only
applicable to the robust stabilization problem of the trivial solution, but works also for the
problem of Hopf bifurcation control of delayed systems with weak non-linearity, a problem to
annihilate the periodic solution or to obtain an asymptotically stable periodic solution with
desired properties such as oscillation at a given amplitude. The problem is formulated in Section
2. In order to derive a simple stability condition for the trivial solution so that the problem of
robust stabilization can be solved easily, the averaged equation is first derived in Section 3. In
Section 4, the problem of robust stabilization to the vibration system is discussed in detail. A
generalization of the results is made in Section 5, which can also be applied to study the problem
of Hopf bifurcation control. Finally in Section 6, several concluding remarks are drawn from the
discussion.
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2. The problem formulation

In this paper, we study the problem of robust stabilization to a delayed s.d.o.f. vibration system
via delayed feedback in general form

(1) + @ x(0) + eg(x(0), X(0), X(t — 11), X(t — 11)) = &f (¥(1), %(1), X(1 — ), %( = w2)), (1)

where 0 <e<1 is the small parameter, £(0,0,0,0) = ¢(0,0,0,0) = 0, xe R, ¢f is the control force,
7120 and 1,>0 are the delays in the control plant and the controller, respectively. The trivial
equilibrium of the uncontrolled system (namely /= 0) is assumed to be unstable, this is the case
when the control plant undergoes Hopf bifurcation at ¢ = 0. To stabilize the equilibrium or to
annihilate the periodic solutions means to perform a delayed feedback control so that the trivial
equilibrium of the controlled system is asymptotically stable. In some applications, it is required
to maintain a periodic solution with given amplitude.

Eq. (1) is a small perturbation of an undamped s.d.o.f. vibration system. In practice, it is also
required to study the robust stabilization problem to the following equation:

X(1) = Apx(?) + A1 x(t — 11) + eg(x(2), x(t — 1)) + ef (x(2), x(t — 712)), 2)

where g(0,0) = f(0,0) = 0, xe R” and 0<e¢< 1. Eq. (2) is a small perturbation of a linear delayed
system

X(1) = Aox(?) + Aix(1 — 11). 3)

We assume that the linear delayed Eq. (3) has exactly one pair of conjugate eigenvalues: 1 = +iw,
and all the other eigenvalues stay in the open left-half complex plane. This case is encountered
when a delayed system with weak non-linearity undergoes Hopf bifurcation at ¢ = 0. For
example, it is easy to show that when 7 = 1.2264, the quasi-polynomial 1> — 0.5ie™*7 + 1 has
exactly one pair of roots A = +1.2088i and all the other roots stay in the left-half complex plane.
Consequently the vibration system

#(1) — 0.5(1.2264 + e)x(t — 1) 4 (1.2264 + £)*x(¢) + u(1.2264 + £)*x*(1) = 0 4)

undergoes Hopf bifurcation at ¢ = 0, and for small 0<e<1, the vibration frequency of the
bifurcating periodic solution is @ = 1.2088 + O(&?), see for example Ref. [5]. An equation of the
form Eq. (2) is then obtained after proper transformation if a (weak) linear delayed feedback
control g[ux(t — t) 4+ vx(t — 7)] is performed on Eq. (4). The control objective is to annihilate the
periodic solution, or to stabilize the periodic solutions via delayed feedback.

Usually, uncertainty in time delay and system parameters exists due to measurement, modelling
errors, etc. So the asymptotical stability should be robust with respect to uncertain delays, or to
the uncertain system parameters, or to both of them. In solving the robust stabilization problem,
the introduction of the small parameter ¢ is important and useful so that we can use the singular
perturbation methods to examine the dynamics of the corresponding DDE and to derive simple
stability conditions such that the robust stabilization problem can be achieved easily.
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3. The averaged equation

For small 0<e<1, as in the case of ODE, it is beneficial to introduce the following
transformation:

x(t) = r(t) cos(wt + 0(1)),

Xx(t) = —or(t) sin(wt + 0(1)), (5)
where both r(¢) and 0(z) are to be determined. Substituting Eq. (5) into Eq. (1) yields
wi(t) = esin(wt + 0(2))(g — f),

wr(t)0(t) = ¢ cos(wt + 0(1))(g — f), (6)
where
[ =f(r() cos(wt + 0(2)), —r(H)w sin(wt + 6(2)), r(t — 12) cos(wt — wty + 0(t — 12)),
— 1t — ) sin(wt — w1y + 0(t — 13))),

g =g(r(t) cos(wt + 0(1)), —r(t)w sin(wt + 0(2)), r(t — t1) cos(wt — wt; + 0(t — 11)),
— r(t — 1w sin(wt — w1y + 0(t — 11))).

Let Q= C([—1,0], R?),(t = max{t;,12}), be the Banach space of continuous functions
mapping the interval [—1,0] to R?, then Eq. (6) can be viewed as a FDE

y(0) = eY(1,y),  ¥(0) = [r(0) 0] e R, (7

where y, (1) = y(t + 1), (Yne[—1,0]), and Y(z, ) is periodic with period T = 2n/w. For small ¢, y(¢)
varies slowly, and y, () = y(¢) + O(¢) holds for Vi e[—t, 0] with no restriction on the delay interval
[15]. This means that in applying the averaging method, (¢ — 1) and 6(t — 1y), r(t — 72) and
0(t — 1), can be replaced by r(¢) and 6(¢) over one period, respectively. In this way, the averaging
technique reduces the DDE to an ODE.
In fact, we define
1 2n/w
Fir)=—— f (rcos(wt + 0), —rw sin(wt + 0), r cos(wt — w1y + 0),
27'5/(0 0

— ro sin(wt — w1, + 0)) sin(wt + 0) dt,

1 2n/w
G(r) = —/ g (r cos(wt + 0), —rw sin(wt + 0), r cos(wt — w1y + 0),
2n/w [

— rosin(wt — wt; + 6)) sin(wt + 0) dz, (8)

which satisfies F(0) = G(0) = 0, and they can be simplified as to
1 2140
F(r) = 7 f(rcos ¢, —rwsin ¢, rcos(¢p — wty), —rw sin(¢p — wt,))sin ¢ dt
mJo

1 2n

=5 f(rcos ¢, —rwsin ¢, rcos(¢p — wty), —rw sin(¢p — wty)) sin ¢ d¢, 9)
0
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G(r) = 21_71 /027r g(rcos ¢, —rwsin ¢, r cos(¢p — wty), —rw sin(¢p — wty)) sing dz. (10)

Then the averaged equation of Eq. (6) that governs the variation of r(¢) is as follows:
oi=¢eh(r), h(r) = G(r)— F(r). (11)

And an equation that describes the variation of 0(¢) can be obtained as well. As is well known, an
equilibrium r = ry of Eq. (11) is asymptotically stable if /#'(ry) <0, and unstable if #'(ry) > 0.

4. Robust stabilization

In this section, we first derive a simple stability condition for the controlled system (1) with fixed
parameters, then study the problem of robust stabilization when the system has uncertain
parameters. Two simple demonstrative examples will be presented.

4.1. Stability of the averaged equation

One can readily prove that the above claim about the stability of averaged equation is also true
for the stability of x = 0 of the original Eq. (1).

In fact, denote by D, D>, D3 and Dy the partial derivative operators with respect to from the
first to the fourth variables, respectively, in f, g, then the characteristic quasi-polynomial p(4, €) of
the linearized system of Eq. (1) reads

p(4,8) = pREE e glby + brA + ef’“‘(b3 + by A)] — eJay + axd + e ' (as + a4)], (12)

where

a) = le(oa Oa O’ O)> a) = DZf(O’ O’ 0, 0), as = D3f(0, 05 Oa O)a aq = D4f(05 Oa 0’ O)a

by = D1¢(0,0,0,0), by = D19(0,0,0,0), b3 = D3g(0,0,0,0), bs= D4g(0,0,0,0).

The equilibrium x = 0 of Eq. (1) is asymptotically stable if all the roots of p(4, ¢) stay in the open
left-half complex plane. When ¢ = 0, Eq. (12) has a pair of roots +iw on the imaginary axis, and
the equilibrium x = 0 of Eq. (1) is critically stable. An application of the implicit function theorem
shows that the roots A(¢) of Eq. (12) depend smoothly on ¢ in a neighborhood of ¢ = 0. The
movement of the above two roots becomes clear if the sign of S* = Re //(0) is not zero. For small
&> 0, the equilibrium x = 0 of Eq. (1) is asymptotically stable if S* <0, and unstable if $* > 0.
Performing implicit differentiation of 4 in Eq. (12) with respect to ¢ at ¢ = 0 gives

by biysin(wty) bscos(wty) ar  azsin(wty) a4 cos(wry)
*_ 2 _ 2
5= 2 + 2w 2 2 2w + 2 ’ (13)
On the other hand, straightforward computation tells
H0) = — bzia) . bs sin(wt) B bsw cos(wty) N @wow a3 sin(wty)  asw cos(corz). (14)

2 2 2 2 2 2
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Therefore, one has

s+ "0 (15)
(03]

It follows that there is a small ¢y > 0 such that for all €(0, &), one has Re A(¢) <0 if #'(0)<0, or
there is at least one pair of characteristic roots with Re A(¢) > 0 if /#/(0) > 0. That is to say, there is a
small g > 0 such that for all £€(0, &), the equilibrium x = 0 of Eq. (1) is asymptotically stable if
1'(0)<0, and unstable if #'(0) > 0. More precisely, we have

Theorem 1. There is a small ¢y > 0 such that for all e€(0,¢), the equilibrium x = 0 of Eq. (1) is
asymptotically stable if

—wDyg + sin(wt1)D3g — w cos(wt1)Dag + 0 D,f — sin(wt2)Dif + @ cos(wty)Dyef <0 (16)

and unstable if the revised strict inequality holds, where (and hereafter) all the partial derivatives are
evaluated at the origin (0,0,0,0).

Unlike the current methods that are usually very difficult to use to achieve simple stability
conditions for the trivial solution of a delayed system, the averaging method results in a very
simple stability condition as shown in Eq. (16). Moreover, it is easy to show that a linear delayed
feedback control of the form

F(x(0), x(2), x(t — 13), X(t — 12)) = wx(t) + ux(t — 12) + vxX(t — 12) (17)

can always stabilize x = 0 of Eq. (1). This claim is also true for the delayed linear feedback of
Pyragas type (DLFP), defined as

S (@), (1), x(1 = 2), X(1 — 12)) = u[x(1) — x(1 — 12)] + V[X(1) — X( — 12)]. (18)

Remark 1. A DLFP control is widely used in stabilizing UPOs (unstable periodic orbits) in
nonlinear dynamics, it is also frequently applied to improve the stability of a periodic motion
emerged from a periodic excitation. For example, the periodic forced system

%(1) — ex(1) + o x(1) = po cos(wr) (19)

has an unstable periodic motion

(&2 — @*)po swpo
2 5 cos(wr) — 2 2
(e€w)” + (62 — w?) (e€w)” + (02 — @?)
with period 7' = 27 /w. Such a mathematical model with negative damping is often used to explain

the self-excited vibrations caused by friction [16]. To improve the asymptotic stability of X(7), a
state feedback control with the same delay T can be introduced to the system

3(f) — e€x(1) 4+ o®x(f) = po cos(wt) + eulx(t) — x(t — T)] + sv[x(r) — x(t — T)]. (21)
Let x(7) = x(¢) 4+ 6(¢), then the disturbance J(¢) satisfies

() = sin(w?) (20)

5(0) + a20(t) — e€d(1) = eu[d(1) — 8(t — T)] + ev[d(¢) — 8(t — T)]. (22)
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To stabilize the periodic solution X(¢), it is necessary to stabilize the equilibrium 6 = 0 of Eq. (22).
For small ¢ > 0, the stability condition for the equilibrium 6 = 0 of Eq. (22) simply reads

usin(aT) — vacos(aT) + Eo + va<O0.

4.2. Robust stabilization

This subsection deals with the robust stabilization of Eq. (1). We assume that the system has
several uncertain parameters

qeQ = {(q1,92, .-, q) ER" 1 ¢i<qi<q; (i=1,2,...,9)}, ©1;<u<% (j=12). (23)

The objective is to determine the feedback gains such that the trivial equilibrium x = 0 of Eq. (1)
is asymptotically stable for all parameter combinations.

Though the method of Lyapunov functional can be applied to solve this robust stabilization
problem, the averaging method is most preferable. As seen in the above subsection, the averaging
technique features extremely simple stability conditions in terms of system parameters, which is
very important and advantageous for the stabilization problem of any systems with uncertain
parameters. Recall that the stability condition of the equilibrium x = 0 of Eq. (1) is /#(0)<0,
namely condition (16). This stability condition is very simple and can be easily checked even when
uncertain parameters are involved. Now, /#/(0) depends on the uncertain parameters qe Q, and
T, <T1;<1;, (j = 1,2), this leads to

Theorem 2. There is a small ¢y > 0 such that for all €€ (0, &), the equilibrium x = 0 of the controlled
system Eq. (1) is asymptotically stable for all parameters qe Q, and ©;<7v;<T; (j=1,2) if the
feedback gains are chosen such that the maximal value of I'(0) over q€ Q, and ©; <1;<7; (j = 1,2) is
negative.

It is worthy of note that the extreme case when t | = 0 or 7, = 0, must be considered separately.
In this case, the stability condition consists of the condition of Theorem 2 and the Hurwitz
stability conditions that govern the asymptotical stability of the system without delays.

In addition, we can eliminate the delays t; from the above inequality to get a stabilization
condition that is independent of the delay. In fact, there is a ¢ €[0,27) such that

asin x + b cos x = \a* + b2 sin(x + ¢)< Va2 + b? (24)

then there is a small ¢ >0 such that for all ¢€(0,¢&), the equilibrium x =0 of Eq. (1) is
asymptotically for all parameters qe Q, and 7, <1;<7; (j = 1,2) if the feedback gains are chosen
such that

max {(sz — Daghor + 1/ (Dyf) + (Dyf Yo + \/(Dag)? + (D4g)2w2} <o0. (25)

In [17], a different method on the basis of the Hermite—Biehler theorem is given for determining
the admissible set of the feedback gains of a PID control that stabilizes a DDE with fixed
parameters. It does not work for our problem due to the parametric uncertainty.
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The asymptotical stability of a non-trivial equilibrium ry >0 of the averaged equation is
governed by /'(rg)<0. The idea used in Ref. [14] can be used to prove that a delayed cubic
feedback can always stabilize an unstable periodic solution of Eq. (1) (which corresponds to a
ro > 0 of the averaged system) with any prescribed amplitude. The robustness analysis can be
carried out easily as done above for the trivial solution.

4.3. Illustrative examples

To demonstrate the effectiveness of the presented method, two simple examples are given as
follows.

Example 1. Robust stabilization of the linear vibration system with negative damping. Let us first
consider the following vibration system:

%(0) + 0*x(t) — ex(1) = elux(t — 1) + vx(t — 7)), (26)

where a negative damping coefficient is considered. The uncontrolled system is obviously unstable
since the system has negative damping. In the design phase, the controlled system is usually
assumed to be asymptotically stable when the delay disappears. Now, the feedback gains u# and v
are chosen so as to make the equilibrium of the controlled system asymptotically stable for all
O<welw),m], 0<e[&,&] and 7€[0,70]. Since the condition governing the asymptotical
stability of x =0 is

v cos(wt) — usin(wr) + Ew<0,  su<w?, (27)

where the first inequality comes from /#'(0) <0, and the second results from the stability condition
for the case of T = 0. So the feedback gains should be chosen such that the above condition holds
for all 0<we[w, ws], 0< e[, ;] and T€[0, 70].

Let us check the validity of the result in a different routine. Obviously, the characteristic
function of the linear system is

p() = 2% — eld+ w* — e(u + vi)e . (28)

We choose u, v such that condition (27) holds for all 0<we[w;, wz], 0<&€[&;, &] and T€(0, 0],
then it is obvious that the system without delay is asymptotically stable for all such parameter
combination. Moreover, following the idea used in Ref. [18], one can see that for small ¢, the
characteristic roots that cross the imaginary axis must be those emerged from =+iw. Let 4 =
i(w + €0), then for the problem of robust stabilization it is required that p(i(w + €0))#0 for all
O<welw),m], 0<ée[&y, &) and t€[0, 7¢]. Straightforward computation shows that

Re p(i(w + £0)) = [-2we — vw sin(wt) — u cos(wt)]e + O(e?),

Im p(i(w + £0)) = [—Ew — vw cos(wt) + u sin(wt)]e + O(E?). (29)

It follows that there is a ¢y > 0, such that p(i(w + €0))#0 holds for all 0 <w e[w1, 1], 0< E€[&y, &,]
and t€[0, 79], and for all € (0, &y) if condition (27) holds. Remark 1 tells that the delayed feedback
control stabilizes also the periodic solution x(¢) of Eq. (19) robustly.

In addition, vibration instabilities in machining processes such as chatter in metal cutting and
washboarding in wood machining have been shown to involve regenerative cutting force and the
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regenerative damping force. To improve the stability of the vibration system, the following s.d.o.f.
model is frequently used:

mi(t) + cx(t) + kx(t) = —u[x(¢t) — x(t — T)] — v[x(t) — x(t — T)], (30)

where m, ¢,k are the mass, damping and stiffness of the system, respectively, T is the tooth
passage period, and —u[x(¢) — x(t — T)], —v[x(t) — x(t — T)] are the so-called the regenerative
cutting force and the regenerative damping force, respectively [19]. If we assume that the damping
and the feedback gains are of order ¢, then the robust stability condition for x = 0 of Eq. (30) can
be obtained easily as done above.

Example 2. Robust stabilization of a non-linear vibration system. Consider the delayed linear
feedback control to the delayed van der Pol oscillator

3(1) + x(f) — e[l — x*(t — 11)]x(1) = e[ux(t — 12) + vX(t — 12)]. (31

As 1s well known, if 0<e<1, then the uncontrolled van del Pol oscillator has an unstable
equilibrium x = 0 and an asymptotically stable limit cycle with period 1 + o(¢) and with amplitude
2/+/2 — cos(2t1) + O(e), since G(r) = [1 — (1 — cos(2t1)/2)r?/2]r/2. For the controlled system, it
is easy to show that F(r) = %(U cos T — usin 7p)r, so the condition G'(0) — F'(0)<0 that governs
the asymptotic stability of x =0 of the controlled van del Pol equation is as follows: 1+
vcos Ty — usin 1, <0. To ensure the robustness of the stability in considering t;€[t;, ;] (i = 1,2),
the feedback gain (u, v) should be chosen such that

14+ vcosty —usint, <0, Vte[r, @] =1,2). (32)

This can be checked easily as above. Let us check the results numerically.

Let 1, =0.1, u=0, ¢=0.1, 7,€[0,0.2], then the admissible set of v is v< — 1/cos T2 <
—1/c0s 0.2 = —1.0203, due to condition (32). Hence, x = 0 is not unstable if v > —1. Fig. 1 shows
that when v = —0.9, 7, = 0.05, and v = —0.9, 7, = 0.7, the zero solution is unstable. Decrease the
value of v to —1.4, the trivial equilibrium x = 0 is robust asymptotically stable as shown in Fig. 2.

1.0 +
0.15 -
0.10 -
0.5 A
0.05 4
£ 0.00 - = 00+
-0.05 4
-0.5 4
-0.10 +
'015 T T T 1 'lo T T T T T T T 1
0 50 100 150 200 0 50 100 150 200

t t

Fig. 1. The instability of the zero solution when v = —0.9: (left) 7, = 0.05, (right) 7, = 0.7.
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In Fig. 3, the zero solution of the controlled system with v = —3, t, = 0.05, and v = —5, 7, = 0.05
is asymptotically stable, too. If 1 + v cos 7o — usin 7, > 0, then the trivial equilibrium x = 0 of the
controlled system is unstable, and the unique non-trivial periodic solution emerges. In fact, the
unique non-trivial periodic solution corresponds to the unique non-trivial root of G(r) — F(r) = 0,
which reads

1 +vcosty — usin1,
=2 . 33
0 \/ 2 — cos(2ty) (33)

Obviously, the amplitude ry can be any given positive value by proper chosen (u, v). The unique
periodic solution is asymptotically stable since /'(rg) = —(1 + vcos 7 — usin 75) <0. Considering
the uncertainty of the delay and a given admissible interval r<ro<7 for the amplitude, the
problem of robust stabilization to this periodic solution is to choose (u, v) such that

) 1 —usi
1+ wvcosty —usinty >0, zSZ\/ tucosT us1n12<7, Ve[t ] (i=1,2). (34)

2 — cos(2ty)

This also can be checked easily as done above.

5. Extension

In the above two sections, as a key step in the problem of robust stabilization of delayed s.d.o.f.
vibration system, the polar co-ordinates and the averaging method were combined to derive a
simple stability condition of Eq. (1). In a more general case such as Eq. (2), the polar co-ordinates
and the averaging method cannot be used directly, and one needs firstly to reduce the infinite-
dimensional equation into a set of ODE. To this end, the center manifold reduction for DDE is
preferable.

5.1. The reduction procedure

Let Q = C([—7,0], R") be the Banach space of continuous functions mapping [—7, 0] into R”
(the real m-dimensional linear vector space equipped with norm |¢|) with norm |||l =
max_.<g<o|p(0)|, and Q* := C([0, 1], R*") the Banach space of continuous functions mapping
[0,7] into R*" (the linear space of n-dimensional row vectors) with norm ||| = maxg<,<|¥(s)],
where T = max{ty, 72} > 0. The unperturbed Eq. (3) can be rewritten as

0
x(t) = / dn(0)x(z + 0), (35)
where the function n(0) of bounded variation is
Ay, 0=0,
o) =4 A, 0=-1, (36)

0, otherwise.
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Along with Eq. (35), we consider the equation

0
§(1) = / ¥(t — 0) dn(0),

which is “adjoint” with respect to the bilinear form for all ¢ €Q and y e Q*

0 0 0
W, $) = Y(O)H(0) / /0 U = ) a0 dE = PO)HO) — | YE+ DAY (3T

In addition, we define the linear operator L:Q2—Q and the ‘adjoint” linear operator
L*: Q* - Q*

d¢

10’ 66[_1-’ O)a
L(¢(0)) = { do

Aop(0) + A1g(—11), 0=0,

dy
L* () = { s ve@.
Y(0)Ao + Y(—1t)A;, s=0,

(38)

in the sense of (L*y, ¢) = (Y, L¢) for all peQ and y e Q*. The eigenvalues of L are the same as
the characteristic roots of the linear delayed system (35), namely the roots of the characteristic
equation det[Al,., — Ag — Aje *"] = 0.

Now we assume that Eq. (35) has exactly one pair of conjugate characteristic roots, 1 = +iw
and all the other eigenvalues stay in the open left-half complex plane. In applying the center
manifold reduction, it is required to decompose the state space 2 by the two characteristic roots
A= +iw. To this end, we define two basis matrices ®(0) Y(s),,, that satisfy L® = @B,
L*¥ = BY and (¥, ®) = I,,.,, where

nx2»

B— | ¢ 39
=lw o | (39)
Once the solutions of the eigenvalue problem L(¢(6)) = iwp(0), (¢ € 2), namely
j—z =iw¢(0), 0O€[-1,0), (40a)
Agp(0) + Ard(—11) = iw(0) (40b)
and that of the “adjoint eigenvalue problem L*(y/(s)) = i (s), ( € Q*), namely
% =ioyY(s), se(0,1], (41a)
Y(0)Ag + Y(—11)A; = iwy(0) (41b)
are on hand, ®(0),,, and ¥(s),,, are found to be
@(0) = [Im ¢(0) Re p(0)], ¥(s) = [Re " (s) Im T ()] (42)

then ©Q can be decomposed by 41 = +iw as Q = P® Q, where P = span{Im ¢(0), Re ¢(0)}.
Now, let x(¢) be the solution of Eq. (2), then we have

x; = Oz + xtQ, z=(¥,x,), xth 0. (43)
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From the definition, z is found to satisfy the following differential equation [15]:
i =Bz + sPO0)(f + g)(®z + x2), (44)

where f((®z + XzQ)|9=0= (Dz + X,Q)|9=_T) and g((®z + xtQ)|9=0, (®z + XIQ)lgz_T) are simply denoted
by f(dz + X?) and g(®z + x?), respectively. And X,Q is governed by a differential equation. In
addition, it has been shown that any bounded solution of xtQ must be of such a nature that
xtQ = O0(¢) as ¢—0 [15]. Consequently, if our analysis is based upon an approximation procedure
that can be justified by investigating only the terms of order ¢, then the basic problem lies in the
study of the ODE

z=Bz+ ¥YO0)f + g)(Pz), z=(VY,x)). (45)

At this stage, it is convenient to combine the polar co-ordinates and the averaging method to carry
out the stability analysis of Eq. (2). In fact, let z = [z; z5]%, then at ¢ = 0, the above equation has a
solution (zi, z2) = (—r sin(wt), r cos(wt)), hence for small 0 <e< 1, the transformation

z1(t) = —r(¢) sin(wt + 0(2)),
z5(¢) = r(t) cos(wt + 0(1)), (46)
converts Eq. (53) into a set of equations
wi(t) = eR(t, (1), 0(1)),
wl(t) = £0(t, r(1), 0(t)), (47)

where R(t,r,0), 0(t, r, 0) are periodic in ¢ with period T = 2n/w, r(t) and 0(¢) can be considered as
constants over one period since they vary slowly. The averaged equation reads

21/
wi(t) = eR(r, 0) = ﬁ /0 R(t,r,0)dt,

&

2n/w
o /0 o, r,0)dt. (48)

In particular, we are interested in the case when A(r) = w/(27) f02 /o
0. For this case, we have the averaged equation

wi = eh(r). (49)

wl(1) = eO(r, 0) =

R(¢,r,0)dt is independent of

The main procedures above can be found in Ref. [15], but were written in a form that is very
difficult to understand by most engineers. This subsection is to make the theory more
understandable and computationally tractable.

It is worth mentioning that the above reduction procedure is valid also for the case when the
uncontrolled system has multiple time delays. In addition, Ref. [20] presented alternative ways of
averaging which retain the delay term, but the above procedure is enough and also very effective
in solving the present problem.



950 Z.H. Wang et al. | Journal of Sound and Vibration 279 (2005) 937-953
5.2. Eq. (1) revisited

To illustrate the reduction procedure above, let us consider again the reduction for Eq. (1).
Solving the eigenvalue problem L¢(0) = iw¢(0), (¢ € 2), namely

% =iw¢(0), 6Oe[-r,0), (50a)
0 1 ,
[ ) ]¢(O) = iwp(0), (50b)
—ow” 0
gives a solution ¢(0) = [I iw]'e®’, so the basis matrix ®(0) can be taken as
OO = I 0) Re d(O)] = sin(w0) cos(mwf) 51
(0) = [Im ¢(0) Re p(O)] = w cos(wl) —w sin(w0) | 1)
And similarly, the “adjoint” eigenvalue problem L*y/(s) = iy (s), ( € Q*), namely
% = —iwy(s), s€(0,1], (52a)
ds
0 1 ,
lP(O)[ ) ] = iwy(0), (52b)
—w- 0

has a solution Y(s) = [iw 1]e™* = [ sin(ws) cos(ws)] + i[w cos(ws) — sin(ws)], so the basis
matrix ¥(s) can be taken as

W(s) = w 0 - o sin(ws) co.s(cos) _ sin(ws) co.s(cos) J ’ (53)
0 w  cos(ws)  —sin(ws) cos(ws) —sin(ws)/w
which satisfies (¥, ®) = I,». Let
k(z1,22) =f(z2, w21, —z1 sin(w1y) + z3 cos(wT3), w(z] cos(wTr) + z3 sin(w1)))
— g(z2, wz1, —z; sin(wty) + z3 cos(wt1), w(z) cos(wty) + z3 sin(wry))). (54)
The corresponding simplified Eq. (45) now reads
2 0 —wl||n 0 1w 0
| = +e . (55)
Vo) w 0 V) 1 0 k(Z] . 22)

Hence, for small 0 <e<1, the transformation (46) converts the above equation to the following
equations in polar co-ordinates:
wi(t) = ¢glg(r(t) cos(wt + 0(t)), —r(t)w sin(wt + 0(7)), r(t — 1) cos(wt — wty + O(t — 11)),
— 1t — 1w sin(wt — ot + 0(t — 11))) — f(1(¢) cos(wt + 0(2)), —r(H)w sin(wt + 6(2)),
r(t — 1) cos(wt — wty 4+ 0(t — 13)), —r(t — T2)w sin(wt — wty + O(t — 12)))] sin(wt + 0(1)),
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wr(t)0(t) = e[g(r(t) cos(wt + O(f)), —r(f)w sin(wt + 0()), r(t — 1) cos(wt — wty + O(t — 11)),
— 1t — 1w sin(wt — w1ty + 0(t — 11))) — f(r(¢) cos(wt + 0(2)), —r(H)w sin(wt + 6(1)),
¥(t — 13) cos(wt — w1y + O(t — 12)), —1(t — T2)w sin(wt — Wty + (¢ — 12)))]
x cos(wt + 6(1)), (56)

which is exactly the same as Eq. (6). As a result, the averaging technique simplifies the above
equation to Eq. (11).

5.3. Stabilization

Once the reduced ODE are at hand, the problem of robust stabilization can be solved as in the
above two sections. In fact, it has been shown that there is a g > 0 such that for all ¢€(0, &), the
equilibrium x = 0 of Eq. (2) is asymptotically stable if the trivial equilibrium of the averaged
equation is asymptotically stable, and is unstable if the trivial equilibrium of the averaged
equation is unstable. Note that the feedback gains are linearly appeared in the averaged equation,
this observation leads to the following theorem.

Theorem 3. Assume that Eq. (2) has exactly one pair of conjugate eigenvalues A = +iw and all the
other eigenvalues stay in the open left-half complex plane. Then there is a small ey > 0 such that for
all €€(0,¢&y), a delayed state feedback control can always make the equilibrium of Eq. (2)
asymptotically stable.

In fact, given a delayed state feedback control of the form
f(x(1),x(t — 12)) = Kx( — 12), 0#KeR"" (57)
we have a non-zero terms ¢¥(0)f(®z) in Eq. (45):
Y(0)f(dz) = [Y(0) - K - D(—15)]zeR?, W(0)-K-D(—1,)#0 (58)

since @, ¥ have two independent column vectors, and two independent row vectors, respectively.
Hence, the averaged equation must contain a term c¢r with the constant ¢ being a linear
combination of the feedback gains (the entries of the matrix K). Therefore, the stability condition
1'(0)<0 can always be true by proper choice of the feedback gains. As a result, there is a ¢y > 0
such that for all £€(0, &), the equilibrium x = 0 of Eq. (2) is asymptotically stable for all ge Q and
Vtie[t;, ] (i = 1,2), if /' (0)<0 holds for all qe Q and Vr;e[r;, ;] (i = 1,2).

Remark 2. By following the idea used in Ref. [14], one can also prove that if Eq. (35) has exactly
one pair of conjugate eigenvalues +iw and all the other eigenvalues stay in the open left-half
complex plane, then for small ¢ > 0, a non-linear feedback control

f(x(1),x(t — 1)) = e Kix(t — 12) + K3X3(l —1)], 0#Kj; eR™" (59)

can always stabilize an unstable periodic solution of Eq. (2) with any prescribed amplitude. Here
x3(t — 13) stands for [x}(¢ — 12), X3(f — 12), ..., Xx}(t — 3)]".

ey
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6. Conclusions

In this paper, the problem of robust stabilization of a type of non-linear delayed systems with
uncertain parameters via general delayed feedback control is solved on the basis of the averaging
method. The main contributions of this paper are two-fold. Firstly, we have proved that a linear
delayed feedback control can always stabilize the trivial equilibrium, as well as the periodic
solutions, of a class of delayed systems whose linearized systems have characteristic roots of non-
positive real parts only, a class of systems that is much broader than that discussed in the
literature. The results generalize some previous results and can also serve as a method for the
Hopf bifurcation control of a delayed system with weak non-linearity via delayed feedback
control. Secondly, we have applied the averaging technique to study the problem of robust
stabilization to general delayed systems that are resulted from small perturbation of linear delayed
systems. Comparing with the widely used method of Lyapunov functional, the present method
shows more effective and flexible in application. An important feature of the present method is the
introduction of a small parameter such that the asymptotic stability of the trivial solution (and the
periodic solutions) of the controlled system is the same as that of the equilibriums of the averaged
equation obtained by using the averaging method for DDEs. The computation is simple and most
importantly, the stability condition resulted from the averaged equation is very simple, for
example, the feedback gains are linearly appeared in the stability condition. Thus, the conditions
that justify the problem of robust stabilization can be easily verified.
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